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ABSTRACT
In a convex mosaic in Rd we denote the average number of vertices of a cell by v and the aver-
age number of cells meeting at a node by n: Except for the d¼ 2 planar case, there is no known
formula prohibiting points in any range of the ½n, v plane (except for the unphysical n, v < dþ 1
strips). Nevertheless, in d¼ 3 dimensions if we plot the 28 points corresponding to convex uniform
honeycombs, the 28 points corresponding to their duals and the 3 points corresponding to
Poisson-Voronoi, Poisson-Delaunay and random hyperplane mosaics, then these points appear to
accumulate on a narrow strip of the ½n, v plane. To explore this phenomenon we introduce the
harmonic degree h ¼ nv=ðn þ vÞ of a d-dimensional mosaic. We show that the observed narrow
strip on the ½n, v plane corresponds to a narrow range of h: We prove that for every h? 2
ðd, 2d1 there exists a convex mosaic with harmonic degree h? and we conjecture that there exist
no d-dimensional mosaic outside this range. We also show that the harmonic degree has deeper
geometric interpretations. In particular, in case of Euclidean mosaics it is related to the average of
the sum of vertex angles and their polars, and in case of 2D mosaics, it is related to the average
excess angle.
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1. Introduction
1.1. Definition and brief history of mosaics
A d-dimensional mosaic M is a countable system of compact
domains in Rd, with nonempty interiors, that cover the whole
space and have pairwise no common interior points [11]. We
call a mosaic convex if these domains are convex and in this
case all domains are convex polytopes [11, Lemma 10.1.1]. In
this paper we deal only with convex mosaics. We call these
polytopes the cells of the mosaic, the k-dimensional faces of
the cells, for k ¼ 1, 2, :::, d  1, the faces of the mosaic, and
the vertices of the cells the nodes of the mosaic. In particular,
in case of 3-dimensional mosaics, we may use the term face
instead of facet of the mosaic. A cell having v vertices is called
a cell of degree v, and a node which is the vertex of n cells is
called a node of degree n. Our prime focus is to determine how
average values of these quantities, denoted by n and v,
respectively, depend on each other. We remark that for planar
regular mosaics, the pair fv, ng is called the Schl€afli symbol of
the mosaic so, by generalizing this concept, we will refer to
the ½n,v plane as the symbolic plane of convex mosaics.
These, and closely related global averages have been studied
before and proved to be powerful tools in the geometric study
of mosaics: in [9] the planar isoperimetric problem restricted
to convex polygons with v< 6 vertices is resolved using
these quantities.
Our main focus will be face-to-face mosaics, in which any
two distinct cells intersect in a common face or have empty
intersection. Unless stated otherwise, any mosaic discussed in
our paper will be a convex face-to-face mosaic and we will
only discuss non face-to-face mosaics in Subsection 4.2.
Furthermore, we assume that the mosaic is normal, that is, for
some 0 < r < R each cell contains a ball of radius r, and is
contained in a ball of radius R (see, e.g. [13]). This implies, in
particular, that the volumes of the cells are bounded from
above, and that the mosaic is locally finite; that is, each point
of space belongs to finitely many cells. We note that a precise
definition of v and n can be obtained in the usual way, that is,
by taking the limit of the average degrees of cells/nodes con-
tained in a large ball whose radius tends to infinity. Here, we
always tacitly assume that these limits exist.
Geometric intuition suggests that v and n should have an
inverse-type relationship: more polytopes meeting at a node
implies smaller internal angles in the polytopes, which, in
turn, suggests a smaller number of vertices for each poly-
tope. To be able to verify this intuition we introduce
Definition 1. The harmonic degree of a mosaic M is
defined as
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hðMÞ ¼ nðMÞvðMÞ
nðMÞ þ vðMÞ , (1)
where vðMÞ, nðMÞ denote the average cell and nodal
degrees of M, respectively.
The variation of the harmonic degree h (computed on an
ensemble of mosaics) may serve as a measure of how good
our intuition was: a constant value of h describes an exact
inverse-type relationship while small variation of h still indi-
cates that our intuitive approach is, to some extent, justified.
To describe a deeper, geometric meaning of the harmonic
degree we introduce
Definition 2. Let M2 Rd be a mosaic, C be a cell of M
and p be a vertex of C. Then the total angle XðC, pÞ of the
pair (C, p) is the sum of the internal and external angles of
C at p; the former defined as the surface area of the spher-
ical convex hull of the unit tangent vectors of the edges of C
at p, the latter defined as the surface area of the set of the
outer unit normal vectors of C at p. The average total angle
XðMÞ associated with the mosaic M is defined as the aver-
age of XðC, pÞ, taken over all pairs (C, p) in M:
Although h appears to be a combinatorial property and
X appears to be a metric property of the mosaic, neverthe-
less, they are closely linked, which is expressed in
Theorem 1. Let M be a convex, face-to-face mosaic in Rd
and let Sd1 denote the surface area of the d-dimensional
unit sphere. Then we have
hðMÞXðMÞ ¼ Sd1:
We will prove Theorem 1 in Section 3, and in Section 4
we extend it to 2-dimensional spherical mosaics. Since there
is no natural definition of average for hyperbolic mosaics
(cf. also Subsection 4.1.2), Theorem 1 cannot be extended to
mosaics in hyperbolic planes. While XðMÞ ¼ p is constant
in d¼ 2 dimensions for Euclidean mosaics (implying, via
Theorem 1, constant value for the harmonic degree h) how-
ever, if d> 2 then XðMÞ may vary, so our original intuition
appears to become ambiguous for d> 2 and the variation of
h will serve as an indicator of this ambiguity.
In one dimension (d¼ 1) we have v ¼ n ¼ 2 for each cell
and vertex and thus, trivially h ¼ 1 for all mosaics. In two
dimensions one can have cells and nodes of various degrees,
nonetheless, it is known [11, Theorem 10.1.6] that for all
convex mosaics h ¼ 2:
The situation in d¼ 3 dimensions appears, at least at first
sight, to be radically different. Schneider and Weil [11] pro-
vide the general equations governing 3D random mosaics.
In Section 2 we present an elementary proof that the same
governing equations hold for any convex mosaic under
some simple finiteness condition. These equations have
three variable parameters. We also show that, beyond the
trivial inequalities v, n  4 these formulae do not yield add-
itional constraints on n,v suggesting that in the ½n,v sym-
bolic plane, except for the unphysical domains characterized
by n,v < 4, we might expect to see mosaics anywhere.
However, this is not the case if we look at the best known
mosaics: uniform honeycombs. The latter are a special class
of convex mosaics where cells are uniform polyhedra and all
nodes are equivalent under the symmetry group of the
mosaic. The list of all possible convex uniform honeycombs
was completed only recently by Johnson [8] who described
28 such mosaics (for more details on the 28 uniform honey-
combs see [2, 7] and more details on the history see [10]).
To provide the complete list of these 28 honeycombs has
been a major result in discrete geometry. If these mosaics
were spread out on the ½n,v symbolic plane, that would cer-
tainly imply that the associated values of the harmonic
degree h cover a very broad range. However, this is not the
case: all values of h are in the range 3:31  h  4: In add-
ition, we also computed the values of h associated with the
28 dual mosaics, hyperplane random mosaics, the Poisson-
Voronoi and Poisson-Delaunay random mosaics and found
that for the total of all the 60 mosaics the range is the same
(cf. Table A1 in the Appendix). The indicated narrow range
for the harmonic degree implies that on the ½n,v symbolic
plane the points corresponding to these mosaics appear to
accumulate on a narrow strip (cf. Figure 1).
While we can not offer a full explanation of this phenom-
enon, we think that the concept of the harmonic degree
may help to explain its essence. In particular, we introduce
Conjecture 1. For any normal, face-to-face mosaic M in
R
d, we have hðMÞ 2 ðd, 2d1:
To build intuitive support for Conjecture 1 we will show
in Section 3 that the interval indicated in the Conjecture has
indeed some significance: we demonstrate mosaics corre-
sponding to the lower and upper endpoints (the former
understood as a limit outside the interval) and we
also prove
Theorem 2. For all h
? 2 ðd, 2d1, there is a normal, face-to-
face mosaic M in Rd satisfying hðMÞ ¼ h?:
Also, as a small step towards establishing the Conjecture,
we prove
Proposition 1. For any normal, face-to-face mosaic M in
R
d, we have hðMÞ  dþ12 : Furthermore, if d¼ 3,
then hðMÞ  2813 :
We provide the general formulae governing 3D mosaics
in Section 2. Next, we prove Theorems 1 and 2 in Section 3.
Section 4 discusses non-Euclidean mosaics and non-face-to-
face mosaics in d¼ 2 and d¼ 3 dimensions. In Section 5 we
draw conclusions.
2. General formulae defining 3D mosaics
In [11], for any 0  i, j  d and for any random mosaic M
in the d-dimensional Euclidean space Rd, the quantity nij is
defined as the number of j-faces of a typical i-face of M if
j  i, and as the number of j-faces containing a typical i-
face of M if j> i. Relations between these quantities are
described in [11, Theorem 10.1.6] for the case d¼ 2, and in
[11, Theorem 10.1.7] for the case d¼ 3. Here we use elem-
entary, combinatorial arguments to show that these relations
hold for any convex mosaic in R3:
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Throughout this section, let M be a convex, face-to-face,
normal mosaic in Rd: Then we may define nijðMÞ as the
average number of j-faces contained in or containing a given
i-face, if j  i or j> i, respectively. If it is clear which convex
mosaic M we refer to, for brevity we may use the notation
nij ¼ nijðMÞ: Here we assume that the average of any nij,
for all values of i and j exists.
Theorem 3. For any convex mosaic M in R3 satisfying the
conditions in the previous paragraph, we have
nijðMÞ
 
¼
1
ðf  2Þn
v
þ 2 ðf  2Þn
v
þ n n
2 1
2ðvþ f  2Þn
ðf  2Þnþ 2v
2ðvþ f  2Þn
ðf  2Þnþ 2v
2ðv 2Þ
f
þ 2 2ðv 2Þ
f
þ 2 1 2
v vþ f  2 f 1
2
66666666664
3
77777777775
,
(2)
where v ¼ n30, f ¼ n32 and n ¼ n03:
Proof. Clearly, nii ¼ 1 for i ¼ 1, 2, 3, 4, and since each face
belongs to exactly two cells, and each edge has exactly two
endpoints, we have n23 ¼ n10 ¼ 2: The formula n31 ¼
vþ f  2 follows from applying Euler’s formula for each cell
of M, and observing that then the same formula holds for
the average numbers of faces, edges and vertices of a cell.
Let r be sufficiently large, and let Br be the Euclidean
ball, centered at the origin o and with radius o. Let
NvðrÞ,NeðrÞ,Nf ðrÞ and NcðrÞ denote the number of vertices,
edges, faces and cells of M in Br, respectively.
Note that if r is sufficiently large, the sum of the numbers
of edges of all faces in Br is approximately Nf ðrÞn21, and
since almost all face in Br belongs to exactly two cells in Br,
and each edge of a given cell belongs to exactly two faces of
the cell, we have that this quantity is approximately equal to
NcðrÞn31: On the other hand, the sum of the numbers of
faces the cells in Br have is approximately NcðrÞf  2Nf ðrÞ:
More specifically, we have
f
2
¼ lim
r!1
Nf ðrÞ
NcðrÞ ¼
n31
n21
,
which readily yields that n21 ¼ n20 ¼ 2ðvþf2Þf :
Note that the number of cell-vertex incidences in Br is
approximately NvðrÞn  NcðrÞv: Furthermore, for any inci-
dent cell-vertex pair C, v, the number of faces that contain
the vertex and is contained in the cell is equal to the num-
ber of edges with the same property. Let us denote this
common number by degCðvÞ, which then denotes the
degree of the vertex v in the cell C. We compute the
approximate value of the quantity Q ¼PCBr, v2C degCðvÞ in
two different ways.
On one hand, we have
Q ¼
X
CBr
2eðCÞ  2n31NcðrÞ,
Figure 1. The 28 uniform honeycombs, their duals, the hyperplane mosaics, the Poisson-Voronoi and Poisson-Delaunay mosaics, iterated foams and their duals (for
details on the latter see Section 3.2) shown as black dots on the symbolic plane ½n,v  (left) and on the plane ½f ,v , where f denotes the average number of faces
of a cell of the mosaic (right). For detailed numerical data see Table A1 in the Appendix. Continuous curve on the left panel shows prismatic mosaics. Dotted lines
represent the h ¼ 3 and h ¼ 4 curves, illustrating Conjecture 1. Continuous straight lines on the right panel correspond to simple and simplicial polyhedra.
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where e(C) denotes the number of the edges of the cell C.
On the other hand, since any face belongs to exactly two
cells, we also have
Q ¼
X
v2Br
X
CBr,Cv
degCðvÞ  2n02NvðrÞ:
More precisely, we have obtained that
n
v
¼ lim
r!1
NcðRÞ
NvðrÞ ¼
n02
n31
,
which implies the expression for n02.
The value of n01 can be obtained from the application of
Euler’s formula for the vertex figure at every node. Finally,
the value of n12 ¼ n13 can be obtained from the values of
the other nijs like the value of n20 ¼ n21:
Remark 1. By Theorem 3, it seems that many combinatorial
properties of the convex mosaic M are determined by three
parameters, say by v, f, n. One may try to find upper and
lower bounds for these values by observing that each entry
in ½nij has a minimal value: e.g. n30, n32, n03, n01  4 and
n12, n21  3: Nevertheless, solving these inequalities puts no
restriction on the values of v, f, n, apart from the trivial
inequalities n, v, f  4: It is worth noting that in contrast,
for convex polyhedra (or, in other words, for convex spher-
ical 2-dimensional mosaics, cf. Remark 8), the sharp
inequalities v2þ 2  f  2vþ 4 [14, 15] are immediate con-
sequences of the fact that each face of the polyhedron has at
least 3 vertices, and each vertex belongs to at least 3 faces.
Remark 2. Note that if M is a convex mosaic in R3 and a
convex mosaic M is its dual, then
nijðMÞ ¼ nð3iÞð3jÞðMÞ,
for all 0  i, j  3:
3. Proof of the theorems
3.1. Proof of Theorem 1 and the volumes of
polar domains
Proof. First we show that in case of Euclidean mosaics (in
arbitrary dimensions) the harmonic degree may be inter-
preted as the averaged inverse sum of two angles linked by
polarity, one of which is the internal vertex angle of a cell.
Consider a convex face-to-face mosaicM in Rd: For any cell
C inM and any vertex p of C, let IðC, pÞ  Sd1 denote the set
of unit vectors such that the rays in the direction of a vector in
I(C, p) and starting at p contain points of C n fpg: Furthermore,
let EðC, pÞ  Sd1 denote the set of outer unit normal vectors of
C at p. Then, by definition, we have that E(C, p) is the polar
ðIðC, pÞÞ of I(C, p). Let us denote the spherical volumes of E(C,
p) and I(C, p) by XEðC, pÞ and XIðC, pÞ, respectively, and let
XE, XI define the average values of XEðC, pÞ and XIðC, pÞ,
respectively, over all incident pairsC and p.
Note that for any cell C, the family of sets E(C, p), where
p runs over the vertices of C, is clearly a spherical mosaic of
S
d1, and thus, the total area of the members of this family
is the surface area Sd1 of the sphere. The same statement
holds for the family of sets I(C, p), where C runs over the
cells containing a given node p.
Now, consider a large ball B of space with radius r, and
denote by Nc and Nv the numbers of cells and nodes of M
in B, respectively. Then, for the number k(r) of incident
pairs of cells and vertices in B we have
kðrÞ  Ncv  Nvn: (3)
The sums xI ,xE of XIðC, pÞ and XEðC, pÞ (over all pairs
of cells C and incident vertices p in B) may be written as:
xI  NvSd1
xE  NcSd1, (4)
so, for the averages XI ¼ limr!1ðxI=kÞ, XE ¼
limr!1ðxE=kÞ we get
XIn ¼ XEv ¼ Sd1: (5)
Thus, by (5) we have
X ¼ XI þ XE ¼ Sd1
v
þ Sd1
n
, (6)
implying that
h X ¼ Sd1: (7)
Remark 3. Substituting the value of Sd1 into (7), we obtain
that for planar mosaics h ¼ 2pX , and for mosaics
in R3h ¼ 4pX :
Remark 4. If d¼ 2, then at each vertex we have XIðC, pÞ þ
XEðC, pÞ ¼ p, implying X ¼ p and this, via equation (7)
yields h ¼ 2:
Remark 5. As we observed, for any node p and any cell C
incident to p, we haveX
fp:p2Cg
XEðC, pÞ ¼
X
fC:p2Cg
XIðC, pÞ ¼ Sd1:
While the equalityX
fC:p2Cg
XEðC, pÞ ¼ Sd1
does not hold in general, it does hold in case of hyper-
plane mosaics.
Remark 6. Clearly, the inequalities v, n  4 readily imply h 
2, and by Theorem 1, X  12 Sd1: This inequality is also an
immediate consequence of the well-known result of Gao, Hug
and Schneider [6], stating that for any spherically convex set A
of a given spherical volume, the volume of its polar A

is max-
imal if A is a spherical cap of the given spherical volume.
3.2. Proof of Theorem 2 and the range of the
harmonic degree
3.2.1. Mosaics with high harmonic degree:
hyperplane mosaics
If M is generated by dissecting Rd with ðd 1Þ-dimensional
hyperplanes then it is called a hyperplane mosaic [11]. An
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elementary computation shows that the harmonic degree of
a normal mosaic, generated by hyperplanes in general pos-
ition, is
h ¼ 2ðd1Þ: (8)
These mosaics appear to have the highest harmonic
degree. They are certainly not the only mosaics with h ¼
2d1, though. In d¼ 2 dimensions all convex mosaics have
h ¼ 2 and in d¼ 3 dimensions we have the continuum of
prismatic mosaics with h ¼ 4:
3.2.2. Mosaics with low harmonic degree: iterated foams
and their duals
Here we define mosaics which appear to have extremely low
harmonic degrees.
Consider a Euclidean mosaic M¼M0 with n0 ¼ d þ 1
as the average degree of nodes; we remark that such mosaics
exist in all dimensions, we construct the dual of such a
mosaic in the proof of Theorem 2. In addition, we assume
that the edge lengths of the mosaic are uniformly bounded;
that is there are some 0 < a < b such that the value of each
such quantity is between a and b, and we assume the same
about the angles between any two faces of M:
Note that since all d-dimensional convex polytopes with
dþ 1 vertices are simplices, the vertex figures of ‘almost all’
nodes of M are simplices. Now, for each node having a
simplex as a vertex figure, replace the node with its vertex
figure. More precisely, if p is a node whose vertex figure is a
simplex, define the cell Cp as the convex hull of the points
of the edges starting at p, at the distance e > 0 from p for
some fixed value of e independent of p, and replace each
cell C containing p with the closure of C n Cp: Then, if this
process is carried out simultaneously at all nodes p, we
obtain a convex, face-to-face mosaic M1, which, under our
condition, is normal. Applying this procedure k times we
obtain the convex, face-to-face, normal mosaic Mk: We will
call the k !1 limit of such a sequence a d-dimensional
iterated foam, referring to the fact that in a physical foam in
d¼ 2 and d¼ 3 dimensions we always have n ¼ d þ 1:
Clearly, for all k  1, we have nk ¼ nðMkÞ ¼ d þ 1:
Consider a sufficiently large region of space. Then the num-
ber of vertex-cell incident pairs in M is approximately
Ncv  Nvn ¼ Nvðd þ 1Þ, where Nc and Nv denote the num-
bers of the cells and the nodes of the mosaic in this region,
respectively. An elementary computation yields that for the
mosaic M1, this number is approximately Ncdv þ ðd þ
1ÞNv  ðd þ 1ÞNcv, and the number of cells of M1 in this
region is about Nc þ Nv  1þ vdþ1
 
Nc: Thus, taking limit,
we obtain that the average degree of a cell of M1 is
vðM1Þ ¼ ðdþ1Þ
2v
dþ1þv : Setting vk ¼ vðMkÞ, we similarly obtain
the recursive formula vkþ1 ¼ ðdþ1Þ
2vk
dþ1þvk for all nonnegative inte-
gers k.
An elementary computation yields that jvkþ1  dðd þ
1Þj ¼ ðdþ1Þjvkdðdþ1Þjdþ1þvk  12 jvk  dðd þ 1Þj for all vk  d þ 1:
This implies that for any initial value v  d þ 1, the
sequence fvkg converges to dðdþ 1Þ, and thus, the
sequence fhðMkÞg converges to dðdþ1Þ
2
dðdþ1Þþðdþ1Þ ¼ d:
We note that the above procedure can be dualized. In
this case, starting with a mosaic in which all cells are simpli-
ces, in each step we divide the cell into regions by taking
the convex hulls of a given interior point of the cell with
each facet of the cell. Lines 31 and 310 of Table A1 in the
Appendix summarize the main parameters of these iter-
ated mosaics.
Remark 7. We note that for planar mosaics the iterating
process (and also its dual), can be extended to any mosaic
in a natural way, and after one iteration step the degree of
every node (in case of its dual the degree of every cell) is
equal to 3. This is illustrated in Figure 2 where we iterate a
(finite domain of a) hyperplane mosaic for k¼ 2 steps in
both directions.
3.2.3. Proof of Theorem 2
Let M be the standard cubic mosaic in Rd, whose vertices
are the points of the integer lattice Zd, and note that h ¼
2d1: We define a new lattice M0 as the first barycentric
subdivision of M: In this lattice the centroid of each face of
M is a vertex of M0, and cells correspond to flags of M,
where a flag is a sequence F0  F1  F2  :::  Fd of faces
of M, with dimFi ¼ i for all values of i. In this case the cell
associated to the flag is the convex hull of the centroids of
the Fis.
We compute the harmonic degree of M0: Note that since
every cell of M0 is a simplex, we have vðM0Þ ¼ d þ 1: First,
observe that since any cell of M has 2d facets and by the
fact the every face of a cube is a cube, choosing the faces of
a flag in the order Fd, Fd1, :::, F0, we have that the number
of flags belonging to any given cube in the mosaic is 2d 	
ð2d  2Þ 	 ::: 	 2 ¼ 2dd!: We note that the same quantity can
be obtained if we choose the faces of a flag in the opposite
order. In this approach first we choose a vertex of the cell,
then we extend this point to an edge parallel to a chosen
coordinate axis, which then can be extended to a 2-face
choosing another coordinate axis. In this way the number of
Figure 2. Illustration of an iterated foam and its dual in d¼ 2 dimensions. We
used the hyperplane mosaic (middle panel) as initial condition and ran k¼ 2
iterative steps both in the direction of iterated foams (upper panel) as well as
their duals (lower panel). Note that in d¼ 2 dimensions these iterative steps
change both n and v , however, the harmonic degree remains constant at h ¼
2: Also note that in higher dimensions hyperplane mosaics may not be used as
initial conditions for these iterations. Iterated foams and their duals in d¼ 3
dimensions are shown in the symbolic plane on Figure 1.
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flags is equal to the product of the number of vertices (2d),
and the number of permutations of the d coordinate
axes (d!).
Applying arguments similar to these two counting argu-
ments, one may show that each i-face belongs to 2ii!ðd iÞ!
flags within one cell, and as each i-face belongs to 2di cells,
the total number of flags an i-face belongs to is 2di!ðd  iÞ!:
Furthermore, the proportion of the i-faces compared to the
number of cells is
 d
i

: Thus, the average degree of a node
in the barycentric subdivision of the cubic lattice is
nðM0Þ ¼
Pd
i¼02
di!ðd  iÞ! d
i
 
Pd
i¼0
d
i
  ¼ ðd þ 1Þ!,
implying
h
0 ¼ hðM0Þ ¼ ðd þ 1Þ!
1þ d! , (9)
where an elementary computation yields that d  ðdþ1Þ!1þd! <
d þ 1 for all d  1:
Case 1, h
0 ¼ ðdþ1Þ!1þd!  h
?  h ¼ 2d1: We construct a
mosaic with harmonic degree h
?
: To do it, we use four types
of layers.
A first type layer is a translate of the part of the cubic lat-
tice between the hyperplanes fxd ¼ 0g and fxd ¼ 1g: A
second type layer is the same part of the subdivided cubic
lattice M0: For the third type, we take the translates of a
partial subdivision of the cubic lattice: each cube in the strip
between fxd ¼ 0g and fxd ¼ 1g is subdivided by the cent-
roids of all faces apart from those in the hyperplane fxd ¼
1g: The fourth type layers are the reflected copies of third
type layers about the hyperplane fxd ¼ 0g:
The building bricks of the mosaic are strips S(k, l) of
width kþ lþ 2, where k and l are positive integers. Here
S(k, l) consisting of k first type, 1 fourth type, l second type
and 1 third type layer in this consecutive order, where the
layers are attached in a face-to-face way. Observe that if k
and l are sufficiently large, then the harmonic degree of a
strip S(k, l) is approximately kkþl
h þ lkþl h
0
:
Since h
0  h?  h, there is some 0  k  1 such that
h
? ¼ kh þ ð1 kÞh0: Let fðkm, lmÞg be a sequence of pairs
of positive integers such that km þ lm !1, and kmkmþlm ! k:
We define the mosaic M? as follows. Consider a strip
S1 ¼ Sðk1, l1Þ: Attach two copies of Sðk2, l2Þ to the two
bounding hyperplanes of S1 in a face-to-face way, to obtain
S2 as the union of these three strips. Then S3 is constructed
by attaching two copies of Sðk3, l3Þ to S2 in a face-to-face
way. Continuing this procedure, we obtain the mosaic M?
as the limit of the strip Sm, where m !1: Then the har-
monic index of M? is h?:
Case 2, d < h
?
< h
0
: Observe that in the subdivided cubic
mosaic M0 defined above, every cell is a simplex. Thus, we
may apply the dual of the algorithm discussed in Subsection
3.2.2, namely in each step we divide each cell C into dþ 1
new cells by taking the convex hulls of a given interior point
of C and the facets of C. Let us denote by Mk and hk the
mosaic obtained by k subsequent applications of this pro-
cedure, and its harmonic degree, respectively. Then the
sequence fhkg tends to d, and thus, there is a smallest value
of k such that h
?
is in the interval ½hkþ1, hk: To construct a
suitable mosaic M? with harmonic degree h?, we follow the
idea of the proof in Case 1, and divide only a part of the
cells of Mk into new cells.
3.2.4. Proof of Proposition 1
The first part of the proposition follows from the trivial esti-
mates v, n  d þ 1: To prove the second part, we need a
lemma. We note that the minimum number of tetrahedra
such that each convex polyhedron with k vertices can be
decomposed into is not known. This fact and the idea of the
proof of Lemma 1 can be found in [4].
Lemma 1. Any convex polyhedron P in R3 with v vertices
can be decomposed into at most 2v 7 tetrahedra.
Proof. Let the faces of P be G1, :::,Gf , and let fi denote the
number of edges of Gi. Then
Pf
i¼1 fi ¼ 2e ¼ 2vþ 2f  4,
where e is the number of edges of P.
Let p be any vertex of P. Let us triangulate each face of P
containing p by the diagonals starting at p, and all other
faces of P by the diagonals starting at an arbitrary vertex of
the face. Then the number of all triangles is
Pf
i¼1ðfi  2Þ ¼
2vþ 2f  4 2f ¼ 2v 4: Since each face contains at least
one triangle, and each vertex belongs to at least three faces,
the number m of triangles in the faces not containing p is at
most m  2v 7: Now, if these triangles are T1,T2, :::,Tm,
then the tetrahedra convðfpg [ TiÞ, i ¼ 1, 2, :::,m is a
required decomposition of P. w
Consider a mosaic M in R3, and a sufficiently large
region. Let Nc and Nv denote the numbers of cells and nodes
of M in this region. For any cell Ci, let vi denote the num-
ber of vertices of Ci. Then the number of cell-vertex inciden-
ces in this regions is approximately
P
i vi  Ncv  Nvn:
By Lemma 1, these cells can be decomposed into at mostP
ið2vi  7Þ  2Ncv  7Nc tetrahedra. It is well known that
the sum of the internal angles of any tetrahedron is greater
than 0 and less than 2p [5]. Thus, the sum of all the internal
angles of the cells is at most 4pNcv  14pNc: On the other
hand, this sum is approximately equal to the product of the
number of nodes and the total angle of a sphere; that is
4pNv: Thus, apart from a negligible error term, we have
4pNcvn  4pNcv  14pNc: Taking a limit, we obtain that
2vn  2v  7, implying that n  2v2v7 : Since n  4 clearly
holds, we have that
n  max

4,
2v
2v  7
	
: (10)
It is an elementary computation to check that 4  2v2v7 if
and only if v  143 : Since for any fixed value of n, h is min-
imal at the minimal value of v it follows that under the con-
dition that v  143 , we have h  2813 : Furthermore, if
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4  v  143 , then h ¼ 2v2v5 , which is minimal if v ¼ 143 , and
thus, h  2813 also in this case.
4. Non-Euclidean and non face-to-face mosaics
4.1. Non-Euclidean mosaics
Mosaics, convex mosaics, and all notions described in
Subsection 1.1, excluding the notions of average degrees of
cells and vertices, can be defined in a natural way for spher-
ical and hyperbolic spaces as well. For spherical space, this
includes average degrees as well; because of the compactness
of the space it is even possible to avoid the usual limit argu-
ment applied to compute these values in Rd:
On the other hand, defining average values in hyperbolic
space seems problematic. Indeed, it is well known that
under rather loose restrictions, in a packing of congruent
balls in Hd, the number of balls intersecting the boundary
of a hyperbolic ball B of large radius is not negligible com-
pared to the number of balls contained in B. This phenom-
enon is explored in more details, for instance, in [3], and
can be generalized for the numbers of cells of a normal
mosaic in a natural way.
A straightforward solution to this problem is to examine
only regular mosaics, in which the degree of every cell, and
the degree of every vertex is equal, which offers a natural
definition for n and v: We do this in Subsection 4.1.1. To
circumvent this problem in a more general way, we use the
geometric interpretation of harmonic degree for mosaics in
R
d, appearing in Subsection 3.1; this interpretation, in par-
ticular, provided a different proof of the fact that harmonic
degree is 2 for every planar Euclidean mosaic.
In Subsection 4.1.2 we generalize this geometric interpret-
ation for mosaics in S2 and H2, and show that for spherical
mosaics it coincides with the original definition of harmonic
degree. Finally, we show that this value is less than 2 for
any spherical mosaic, and it is at least 2 for any hyperbolic
mosaic, using any reasonable interpretation of average.
4.1.1. Non-Euclidean regular honeycombs in Sd,Hd for
d¼ 2, 3
Here we show that in d¼ 2 dimensions, Euclidean mosaics
separate regular spherical mosaics from regular hyperbolic
mosaics on the ½n,v symbolic plane.
While Plato’s original idea of filling the Euclidean space
with regular solids proved to be incorrect, if we relax the
condition that the embedding space has no curvature then
all Platonic solids may fill space by what we call a regular
honeycomb. We briefly review these mosaics to show how
they are represented in our notation and how their har-
monic degrees are spread.
Let M be a honeycomb in a space of constant curvature
of dimension d. A sequence F0  F1  :::  Fd, where Fi is
an i-dimensional face of M, is called a flag of M (cf. the
proof of Theorem 2). We say that M is regular, if for any
two flags of M there is an element of the symmetry group
of M that maps one of them into the other one. In particu-
lar, if M is a regular planar mosaic, then the cells of M are
congruent regular p-gons, and at each node, an equal q
number of edges meet at equal angles. In this case fp, qg is
called the Schl€afli symbol of M: It is well known that up to
congruence, for any values p, q  3, there is a unique regu-
lar mosaic with Schl€afli symbol {p, q} (cf. [12]). This mosaic
if spherical if p¼ 3 and q¼ 3, 4, 5 or if q¼ 3 and p¼ 3, 4,
5, Euclidean if fp, qg ¼ f3, 6g, f4, 4g, f6, 3g, and hyperbolic
otherwise. We note that the five regular spherical honey-
combs correspond to the five Platonic polyhedra. The
Schl€afli symbol of a higher dimensional mosaic can be
defined recursively: it is fp1, p2, :::, pdg if the Schl€afli symbol
of its cells are fp1, p2, :::, pd1g (which must correspond to a
regular spherical mosaic), and the intersection of M with
any sufficiently small sphere centered at a node of M is the
regular spherical mosaic fp2, p3, :::, pdg:
In d¼ 2 dimensions the h ¼ 2 curve defines a partition of
the Z2 grid on the ½n,v symbolic plane with the constraints
n,v  3: For a regular mosaic with Schl€afli symbol fp, qg, set
v ¼ p, n ¼ q, or equivalently, h ¼ pqpþq : Then an elementary
computation (determining the sign of the quantity 1pþ 1q 12
for all integers p, q  3) shows that grid points on the h ¼ 2
line correspond to regular Euclidean mosaics, grid points with
h < 2 correspond to regular spherical mosaics and grid points
with h > 2 correspond to regular hyperbolic mosaics.
In d¼ 3 dimensions the h ¼ 4 curve defines a partition
of the Z2 grid on the ½n,v symbolic plane in a similar sense,
although here only a finite number of grid points corres-
pond to regular mosaics. We summarize these in Table 1.
As we can observe, the harmonic degree h of a mosaic
appears to carry information both on the dimension and the
curvature of the embedding space: h ¼ constant curves sep-
arate convex mosaics embedded in spaces with the same
curvature sign but different dimension and vice versa, they
also separate regular mosaics embedded in spaces with the
same dimension but different sign of curvature. Knowing
one of those parameters seems to permit us to obtain the
other, based on the mosaic’s harmonic degree.
4.1.2. Non-Euclidean general face-to-face mosaics on S2
and H2
Our goal is to extend the geometric interpretation of the
harmonic degree to convex face-to-face mosaics on S2 and
H
2: First we describe how the duals of spherical mosaics can
be constructed. To do this, first we compute the harmonic
degree of spherical mosaics directly.
Table 1. Regular honeycombs in d¼ 3 dimensions.
ID. Cell Node Space n v h Schl€afli
1 cube octahedron Euclidean 8 8 0.250 {4, 3, 4}
2 icosahedron dodecahedron Hyperbolic 12 12 0.167 {3, 5, 3}
3 dodecahedron icosahedron Hyperbolic 20 20 0.100 {5, 3, 5}
4 cube icosahedron Hyperbolic 8 20 0.175 {4, 3, 5}
5 dodecahedron octahedron Hyperbolic 20 8 0.175 {5, 3, 4}
6 tetrahedron tetrahedron Elliptic 4 4 0.500 {3, 3, 3}
7 octahedron cube Elliptic 6 6 0.333 {4, 3, 4}
8 cube octahedron Elliptic 8 4 0.375 {4, 3, 3}
9 tetrahedron octahedron Elliptic 4 8 0.375 {3, 3, 4}
10 dodecahedron tetrahedron Elliptic 20 4 0.300 {5, 3, 3}
11 tetrahedron icosahedron Elliptic 4 20 0.300 {3, 3, 5}
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Remark 8. Clearly, projecting a convex polyhedron P from
an interior point to a sphere concentric to this point yields
a spherical mosaic. Furthermore, in a spherical mosaic any
two cells intersect in one edge, one vertex or they are dis-
joint. Using these properties it is easy to show that the edge
graph of any spherical mosaic is 3-connected and planar;
such an argument can be found, e.g. in the proof of [1,
Claim 9.4]. By a famous theorem of Steinitz [15], every 3-
connected planar graph is the edge graph of a convex poly-
hedron. Thus, up to combinatorial equivalence, we may
regard a spherical mosaic as the central projection on S2 of
a convex polyhedron P containing the origin in its interior.
This representation permits us to define the dual of a spher-
ical mosaic associated to P as the mosaic associated to its
polar convex polyhedron P

:
In two dimensions, spherical mosaics may be character-
ized by the angle excess associated with their cells which is
equal to the solid angle subtended by the cell or, alterna-
tively, the spherical area of the cell. Let M be a convex
mosaic on S2 with Nv nodes and Nc cells. Since M is a til-
ing of S2, the average area of a cell is XC ¼ 4pNc : Similarly,
the average area of a cell in the dual mosaic is XN ¼ 4pNv :
Definition 3. For any spherical mosaic M, we call the
quantity lðMÞ ¼ 1p XCXNXCþXN the harmonic angle excess of M:
Proposition 2. The harmonic degree of any convex, face-to-
face mosaic M on S2 is
hðMÞ ¼ 2 lðMÞ: (11)
Proof . Let Nc and Nv denote the numbers of cells and
nodes of M, and let v and n denote the average degree of a
cell and a node, respectively. Then the number of adjacent
pairs of cells and nodes of M is equal to
vNc ¼ nNv: (12)
Let aij denote the angle of the cell Ci at the vertex vj if
they are adjacent, and let aij ¼ 0 otherwise. We compute the
sum
P
i, j aij in two different ways. First, note that
P
i, j aij ¼P
j
P
i aij ¼ 2pNv: On the other hand, the area of any cell
Ci is equal to the angle sufficit of Ci, or more specifically,
areaðCiÞ ¼
P
j aij  ðdegðCiÞ  2Þp, where degðCiÞ is the
number of vertices of Ci (see Subsection 1.1). SinceP
i areaðCiÞ ¼ areaðS2Þ ¼ 4p and
P
i degðCiÞ ¼ vC, it fol-
lows that
P
i, j aij ¼ 4pþ vNcp 2Ncp: This implies the
equality
2Nv ¼ vNc  2Nc þ 4: (13)
Now, (11) follows from (12, 13) and the equation l ¼
4
NvþNc (which follows from Definition 3). w
Corollary 1. The harmonic degree of any face-to-face con-
vex mosaic M of S2 is
hðMÞ < 2:
While it does not seem feasible to extend the definition
of h for mosaics in H2 in a straightforward way, the
geometric interpretation of this quantity in Subsection 4
permits us to find a variant of Corollary 1 also in this case.
Let M be a convex face-to-face mosaic in any of the
planes R2,S2 or H2: Let C be a cell of M with v vertices.
Let pj, j ¼ 1, 2, :::, v be the vertices of C, and fix an arbitrary
point q 2 int C: Let Lj denote the sideline of C passing
through the vertices pj and pjþ1, and let Rj denote the ray
starting at q and intersecting Lj in a right angle. The convex-
ity of C implies that the rays R1,R2, :::,Rv are in this cyclic
order around q. Let XEðC, pjÞ denote the angle of the angu-
lar region which is bounded by Rj1 [ Rj and whose interior
is disjoint from all the rays Rj0 : Furthermore, let XIðC, pjÞ
denote the interior angle of C at pj. Now we define the
quantity
XðCÞ ¼
Pv
j¼1ðXEðC, pjÞ þ XIðC, pjÞÞ
v
¼ 2pþ KðCÞ
v
,
where KðCÞ is the sum of the interior angles of C.
Observe that if M is a Euclidean mosaic, then the
weighted average value of XðCÞ, with the weight equal to v,
over the family of all cells of M coincides with X:
Next, assume that M is a spherical mosaic. Let the cells
of M be Ci, i ¼ 1, 2, :::,Nc, and let Nv and Ne be the num-
ber of nodes and edges of the mosaic, respectively. If the
degree of Ci is vi, then
PNc
i¼1 vi ¼ 2Ne, and by Euler’s for-
mula, Nv þ Nc ¼ Ne þ 2, yielding l ¼ 4NcþNv ¼ 4Neþ2 :
Furthermore, for all values of i, the area formula for spher-
ical polygons yields that KðCiÞ ¼ ðvi  2Þpþ areaðCiÞ: Thus,
XðCiÞ ¼ vipþareaðCiÞvi : Since the total area of all cells is 4p,
this implies
X ¼
PNc
i¼1
XðCiÞviPNc
i¼1vi
¼
p
PNc
i¼1vi þ
PNc
i¼1areaðCiÞ
2Ne
¼ Nepþ 2p
Ne
¼ 2p
2 l :
We have shown that for face-to-face, convex mosaics on
S
2, we have h ¼ 2 l, (cf. (11)). Thus, for these mosaics
we have h ¼ 2pX, extending Theorem 1 for 2-dimensional
spherical mosaics.
Finally, consider the case that M is a hyperbolic mosaic.
Let Ci, i ¼ 1, 2, ::: denote the cells of M, and let vi denote
the degree of Ci. As in the spherical case, by the area for-
mula for hyperbolic polygons, we have that XðCiÞ ¼
p areaðCiÞvi < p for all values of i. For any nonnegative func-
tion f : N! R, we may define the harmonic degree of M
with respect to f as
hf ¼ lim
k!1
2p
Pk
i¼1f ðiÞviPk
i¼1f ðiÞvi XðCiÞ
,
where the inequalities XðCiÞ < p, i 2 N imply hf  2: Note
that since any measure on a countable set is atomic, the
above formula exhausts all reasonable possibilities for defin-
ing harmonic degree.
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4.2. Non face-to-face mosaics on R2 and S2
Conjecture 1 formulates the hypothesis that the harmonic
degree of d-dimensional Euclidean face-to-face mosaics is
confined to the range ðd, 2d1: In the current subsection we
would like to point out that in case of non face-to-face
mosaics this range may be much broader. According to the
convention introduced in Subsection 1.1, the degree of a
node is equal to the number of vertices coinciding at that
node, both for face-to-face and non face-to-face con-
vex mosaics.
In d¼ 2 dimensions we already stated that for face-to-
face mosaics we have h ¼ 2 [11, Theorem 10.1.6], which is
equivalent to
n ¼ 2v
v  2 : (14)
If we admit non face-to-face mosaics and we sum the
internal angles over all cells and also sum the same angles
as nodal angles over all nodes then (14) generalizes to
n ¼ 2v
v  p 1 , (15)
where p is the proportion of the regular nodes in the family
of all nodes, where we call a node regular if it is the vertex
of every cell it belongs to. As we can see, in 2 dimensions
convex mosaics have two free parameters and they form a
compact, 2D subset of the ½n,v symbolic plane as illustrated
in Figure 3. By computing the harmonic degree h over the
admissible domain marked on Figure 3(a) we find that
1:33  h  2 which indicates that non face-to-face mosaics
may admit lower harmonic degrees than face-to-face
mosaics. Figure (3) (b) shows an example of a non face-to-
face mosaic in d¼ 3 constructed as alternated, shifted layers
of a brick-wall-type planar mosaic. At every node just 2 ver-
tices meet so we have n ¼ 2 and each cell is a cuboid yield-
ing v ¼ 8: This results in a value h ¼ 1:6 which is certainly
below the maximal value of h ¼ 2 for planar mosaics.
Remark 9. Using the proof of Proposition 2, the generaliza-
tion of formula (15) to 2D spherical mosaics is straightfor-
ward:
v ¼ ð2 lÞn
n þ l  1 p : (16)
5. Summary
In this paper we proposed to represent mosaics in the ½n,v
symbolic plane of average nodal and cell degrees and we
introduced the harmonic degree h, constant values of which
appear as curves in this space. We pointed out that these
curves appear to have special significance: in d¼ 2 dimen-
sions all convex, face-to-face mosaics appear as points of the
h¼ 2 curve and a compact domain can be associated to non
face-to-face mosaics. We showed that in case of 2D spherical
mosaics h differs only in a constant from the suitably aver-
aged angle excess and this explains why points associated
Figure 3. (a) Symbolic plane for planar mosaics. The p¼ 1 line corresponds to face-to-face mosaics. Gray shaded area marks the descriptors of all admissible
mosaics in the plane. (b) Example of a special 3D mosaic with h < 2: Solid line: odd layer, dotted line, even layer. Both layers correspond to the planar mosaic in
panel (a) at ðn,vÞ ¼ ð2, 4Þ: (c) Parameter plane for spherical mosaics in d¼ 2 dimensions. All mosaics shown with Nc þ Nv  200, Nc denoting the number of cells,
Nv denoting the number of nodes. Mosaics on the v ¼ 3 and n ¼ 3 lines correspond to simple and simplicial polyhedra, respectively. Observe how mosaics accu-
mulate on the line corresponding to face-to-face Euclidean mosaics.
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with 2D regular mosaics on manifolds with constant curva-
ture are separated by the h ¼ 2 line.
The most interesting geometric interpretation of h
appears to be Theorem 1, stating that the harmonic degree
is the inverse of the averaged sum of two angles associated
with polar domains, one of which is the internal angle of a
cell at a vertex of the cell. We showed that this interpret-
ation of h remains valid for Euclidean mosaics in arbitrary
dimensions as well as 2D spherical mosaics. The link estab-
lished in Theorem 1 between the harmonic degree h and
the average total angle X illustrates that the combinatorial
and metric properties of convex mosaics are closely related.
While X is constant in 2D (resulting in X ¼ p, h ¼ 2), in
3D there exists a broad range in which X may fluctuate.
Nevertheless, we found that for a set of 60 mosaics (which
included all uniform honeycombs as well as random
mosaics) the actual fluctuation is very small and the har-
monic degree of all investigated mosaics was in the range
3:3  h  4: By using a recursive algorithm we also con-
structed d-dimensional Euclidean mosaics which approach,
as the number of recursive steps tends to infinity, the har-
monic degree h ¼ d: We proved that h may assume any
value in the interval ðd, 2d1:
All the above computations and results led us to formu-
late Conjecture 1, stating that there exist no Euclidean, nor-
mal, face-to-face mosaics the harmonic degree of which lies
outside the ðd, 2d1 interval. If true, this conjecture would
not only yield an interesting alternative explanation for the
averaged behavior of 1D and 2D mosaics but also deepen
our current understanding of 3D (and higher dimen-
sional) honeycombs.
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31’ dual of iterated foam 12 4 4 3.00
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